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QUESTION 1. (i) Let (H, ), and (K, d) be groups. Define a new group (F, V) (called external direct product of
H and K), where ' = H x K = {(a,b) | a € Hbe K} If (al,bl), (az,bz) € F, then (al,bl)V(az,bg) =
(ay *ay, b16by). Itis clear that F' is a group (trivial), do not prove that. Now let D = H; x K for some subgroup
H; of H and some subgroup K; of K. Prove that D is a subgroup of F'. Find two groups H, K such that
F = H x K has a subgroup D, but D # H, x K, for some subgroup H; of H and some subgroup K of K.

(ii) Consider the symmetric-group on 5-gon (D1, o) (see class notes). Calculate F,OF5. What does R4 mean? Find
Ry !. Find F0R; and Ry 0F,. Can you generalize?

(iii) Let (G, *) be a group and suppose that for some a,b € G, we have a x b = bx a. Prove thata xb~! = b~ ' xq
anda'xb ' =b"1xa L.
(iv) Let F, H be subgroups of a group D.

a. Prove that H N F'is a subgroup of D.
b. Suppose H € F and F'  H. Prove H U F' is never a group (subgroup of G).
c. Assume |H| = 10 and |F| = 4. Prove that H U F is never a group (subgroup of G).
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